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@ Introduction: Why combine probability and non-probability samples?
o Review existing methods
e Overview our approach
@ GLS estimators for data integration
o Complete response in the probability sample
o Nonresponse in the probability sample
@ Simulations to evaluate alternative estimates of the mean

e Compare alternatives with no nonresponse in the probability sample
o Nonresponse in the probability sample
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Contrasting Probability and Nonprobability Samples

Probability surveys Non-probability
Surveys
Strengths e Known inclusion e |nexpensive
probability
o Unbiased e Naturally collect
estimates variables of interest
o Design-
consistency e Large sample size
e Quality control in
data collection
Weaknesses e Rising nonresponse e Unknown selection
rates mechanism
o Selection bias
® Increasing costs e lack clear data
collection protocols

o Baker et al. (2013)
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@ Notation
e Y = primary variable of interest
e X = auxiliary variable

Prob. Samp. Nonprob. Samp.

X Y X Y
Casel: vV v v
Case 2: vV v v
Case 3: V v v v

@ Beaumont (2020), Wu (2022), Valliant (2020), Savitsky et al. (2022)
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Related Literature: Case 1 and 2

@ Case 1 (common): Y only in nonprobability sample
o Propensity score (Valliant & Dever 2011)

o Weight by inverse of estimated probability of participation in
nonprobability sample

o Mass imputation (Kim et al. 2021)
o Impute Y for every element of probability sample
o Doubly-robust (Chen et al. 2020)
o Combines strengths of mass imputation and propensity score estimators
e Case 2 (rare): Y only in probability sample
o Medous et al. (2022)
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Related Literature: Case 3

e Elliott & Valliant (2017)
e Requires the probability of inclusion in prob sample for elements only in
the nonprobability sample
e Otherwise, use a model for the probability of inclusion in the
probability sample
e Kim et al. (2021)
e Requires knowledge of which probability sample elements are in the
nonprobability sample
e Zhu et al. (2023)
e Define a convex combination of estimators based on prob and nonprob
samples
e lIgnore correlation between the two estimators
o Chen et al. (2023)
e Preliminary test procedure that simplifies to the probability sample in
the presence of nonignorable selection
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Case 3: Motivating Applications

@ Survey of attitudes toward adopting energy conservation strategies
(lowa State University)

o Probability sample to be combined with volunteer internet panel data
@ Health parameters such as body mass index

o NHANES probability sample
o Administrative data
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Innovations of Our Case 3 Procedure

@ Develop a GLS estimator to combine estimates from probability and
nonprobability samples

e Accounts for correlation between the two estimates

@ Explore the possibility of allowing nonignorable selection into the
nonprobability sample

@ Allow for nonresponse in the probability sample
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Framework

e Finite population: (x;, y;) i F(x,y)i=1,...,N
o Parameter of interest: p, = N7! Z?’Zl %

@ Probability sample B (Sg) € {1,..., N}

I =1(i € B)

o Known: m; = P(l; =1), df = ;!

o Known: 7; = P(li =1,/ =1)

e Xj,y; observed for i € B

@ Nonprobability sample A (S54) C {1,...,N}
o 5 =I(i € A)
o Unknown: p/ = P(5; = 1)
@ Xj,y; observed for i € A

@ Conditions
° piA>0:i:1,...,N
o 0 LIi|xiyi
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Propensity Score Model

exp(ao + a1xi + aay;)
1+ exp(ag + a1x; + azy;)

pii(e) =

@ Ignorable: ap =0
@ Nonignorable: ay # 0

Pseudo-Likelihood Estimator (Chen et al. 2020)

& = argmaxo (), U(&) =

() =Y (a0 + a1xi + azyi) — Y dPlog(1 - pfi(a))

i€Sp i€ESp
Z(l Xn}/l Z dB a) 1 Xl7yl)
iESH i€Sp
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Two Estimators of p,

Horvitz-Thompson Propensity-Score

1
—de’Byi‘ Z A(

ic€Sg :eS p

How can we combine the two estimators? J
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An Estimated Generalized Least Squares (EGLS) Estimator

° \7A is an estimate of the variance of @A, \73 is an estimate of the
variance of g, and Capg is an estimate of the covariance between 64

and 0p.
@ We obtain the estimated variances and covariances from Taylor

linearization
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Taylor Linearization

Theorem 1: Let n = min{na, ng}, where na is the expected sample size
for Sa and ng is the expected sample size for Sg. Let z; = (1, x;, ;).
Assume the following regularity conditions:
o limnyooN ™3 s, PR(@) 11 = pfi(@))yiz] = Yy.00, Where 7y o s a
fixed vector.
o limpsocN™1 Y s, dBzp(a)(1 — pA(@))z) = My, where My, is a
positive definite matrix.

o & —a = 0y(n0%).

Then,
-N Z{ Al Vi =0 =Yy M 2}
i€Sp i
+ N1y, oM 1ZdB a)zi + 0p(n ).
i€ESp
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Obtaining v

” 12 mjj — T

Vai= 1| = -1 2 - ol ij [N PNPN

= ) 2 7@ < 1) 7 () 7 X T i
i€Sp y J

where U; = y; — 4", hi = (1, %, y)pP (&),

. 1-pj(&) -1
Y= ZT’&)W(LN;M) M )

i€ESp

and M = e, dP (L%, i) PR(G)(L — p(&))(1, %, yi).

2 2
~ 1 Tji — Wi A 1 Tji — T
y "y .2 2 ij iy .
Vg = N E vi, Ca=%|—4 E —NiYi-
- T N/ - T
i€Sg i€Sp
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A Hajek Version

Hajek Propensity-Score
S P O B S .
€S i i€Sg i€5a pf (a) i€Sa 'Dl

~HJ — (1/\71_7_}1)_11/‘7/_7_}(@/4,93)/
Vis(p™) = (X'vi 1)t

VHJ:< Va Cas )
Cae VB

@ Similar Taylor linearizations for Hajek estimator
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Nonresponse for Sample B

@ Nonresponse is common in probability samples

@ Generalize to allow nonresponse in the probability sample
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Nonresponse for Sample B: Set-up

@ x;: i € Sp
o Vil R,' =1
e MAR condition: y; L R; | x;

Propensity Score Model

P(R; =1 xiip) = pP(p)
__exp(po + p1xi)
1+ exp(po + p1xi)’

The estimator of p = (po, p1)’ satisfies Ug(p) = 0, where

Us(p) = > dP(Ri— pf(p))(1,%)"

i€Sp
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Modified P-L Estimator

@ Extend the pseudo-likelihood estimator of o to account for
nonresponse in sample Sg.

@ Define the estimator of « to satisfy Ua(&) = 0, where

Ua(a) = Y (1,%,5) ZRdB K p(&)(1,x,yi) = 0.

IESp i€Sp
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Two Estimators Under Nonresponse

Estimator for the non-probability sample:
=53 @)
iESp
Estimator based on the probability sample:
3R Rid? &)
IESB )

EGLS estimator:

e V, from Taylor linearization
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Taylor Linearization Under Nonresponse

Theorem 2: Under further regularity conditions,

n 1 * * —
efzﬁ SviA ) T dPaB | 4+ 0p(n Y,

i€Sa i€Sp
where vi4 = y; — vy,ooM;éoz;p;q and ;B = 'yypoMLj’éon,B. Also,
~ 1
B B. B ~1
0, :dei vio + Op(n—7),

i€ESp

B_ p. 1., * -1 (P. B
where v° = R,?y, — vb’ooMbb’wx,(R, - p7).
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Estimating Variances

. 1\° 1 1 R
Va= [~ o 192 4 T Z T ) (7#B)2 |
A <N> Z -A(éa)( Al&) )7 : ( T ()

where 074 = y; — %\/\}];1(17)(’.7},’.)/;,’&\(

. 1—pA&
YA = Z Ail()yi(laxiayi%

o)
N
=
=%

(o]
Il
>
}\
>
Q
-
>
ivs}

e, pi(&)
N 1 . ~
Moz - Z RidiB B/ A pf‘(a)(l - P,'A(a))(LXi;Yi)/(laxia}/i)’
i€Sp i (p)
N 1 A al Ny N
77,"‘3 = Rimpf(a)(l,x;,y;)' - ’Ybebl(LXi)l(Ri - P,B(P)%
i

. 1-pP(p)
Ap = Z R;d;BW(l’Xiv)’i)/(lei)’
i€Sp !

Mep = dP(1,x) PP (P)(1 — PP (D))(1,%)-
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Estimating Variances

The estimated variance of §8 is of the form
V. — (1 ’ Tij — T\ (oBY2
s=(x5) 22— )@
i€Sg jESE byt
where

" 1 kg "
ViB = RiﬁjYi - ’Ybeblxi(Ri - P,B)a

pi = p; (), and
A= N1 Y dP(BP) (L - B )i(L %),
i€ESp
Finally, the estimated covariance is of the form

Cas = ( L)z 2.2 (” . ”"”f) (9)(7°)

: : Tt
i€Sp jE€SE yrty
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Simulation studies: Set-Up

Finite Population

Generate

yi=1l4+x+x*+e, i=1,2,...,N=10000,

where x; s Uniform(—2,2), and ¢; S N(0,2).

Select the non-probability sample S5 as a Poisson sample, where

logit(pf') = zlex = ag + axx; + ayyi.

Sg Sample
Select the probability sample Sg as a Poisson sample, where
E(ng)c; _
= (NB) A
Zj:l Gj

Emily Berg lowa State University Joint work Optimal Data Integration August 4, 2024 23 /32



Simulation studies: no nonresponse

Emily Berg

Evaluate the proposed estimators fic of HT and Hajek type under
conditions where the ignorability assumption is either met or violated.

Alternative methods:

Proposed: jic (HT and Hajek)

e Prob. sample only: [ig (HT and Hajek)
o Semi-parametric estimator: fisp (Zhu et al. 2023)
"]

Pseudo-weight estimator: fipy (Elliott & Valliant 2017)

Select the target non-probability sample size as
E(na) = 250, 1000, 5000, fix probability sample size as E(ng) = 500,

and adjust o, = 0,40.01.

MC sample size 2000

lowa State University Joint work
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Simulation studies: no nonresponse

MC MSE of alternative estimates of y,
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Simulation studies: no nonresponse

MC MSE of alternative estimates of y,
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Simulation studies: no nonresponse

MC MSE of alternative estimates of y,
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Simulation studies: no nonresponse

MC MSE of alternative estimates of 1,
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Simulation studies: nonresponse in the probability sample

@ Incorporate ignorable missingness of y; in Sg by applying
pE(p) = logit=1(po + pxxi), for px = 0,%0.2 and adjusting po to
achieve missing rates at 20% and 40%.

@ Calculate the MSE, the MC variance and the MC mean of the
estimated variance as

1 M
MSE = — > (pt™ — py?

Mm:l
1 M
VMCZM—lmZ:l (m)— 1ZA(m
V = 1 ﬁﬂ: v(p(m).
M=
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Simulation studies: nonresponse

R 0% iz

Px %missing MSE VMC 1 MSE VMC 1 MSE VMC Vv
0 0 1.679 1680 1661 | 1.692 1693 1.662 | 1.571 1570 1.544
0 20 1.997 1993 1858 | 1.998 1996 1.857 | 1.851 1.837 1.684
0 40 2326 2326 2.184 | 2.263 2.264 2.159 | 2.014 2.006 1.894
-0.2 20 1.986 1986 1.870 | 1.979 1980 1.858 | 1.873 1.868 1.691
-0.2 40 2258 2255 2244 | 2212 2211 2215 | 2.039 2.026 1.937
0.2 20 1.821 1821 1.844 | 1.830 1.831 1.850 | 1.674 1.667 1.677
0.2 40 2221 2222 2147 | 2215 2215 2142 | 2.012 2.010 1.872
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Discussion

@ GLS estimator to combine probability and nonprobability samples
when Y observed in both
e Straightforward to calculate
o Allows for nonresponse in the probability sample
e Simulations support the proposed procedures
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Thank You!
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